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ABSTRACT 


This  paper  Is  concerned  with  the  operation  of  a potential  analog 
conputer  capable  of  solving  many  network  synthesis  problems  quickly  and 
easily.  The  analog  device  reduces  the  conqplex  problem  of  response  aatohlng 
to  a relatively  single  experimental  procedure  involving  the  location  of  line 
sources  in  a conducting  medium.  These  sources  are  introduced  and  then  manip- 
ulated in  a well  defined  fashion  until  the  experimental  response,  which  is 
displayed  on  an  oscilloscope,  matches  the  desired  response.  A number  of 
source  location  techniques  are  discussed  along  with  the  general  operating 
details  of  the  ooii9>uter.  These  techniques  enable  an  operator  to  oenTcrge 
rapidly  to  a solution  regardless  of  the  shape  of  the  o\irve.  The  particular 
method  chosen  for  a given  problem  would  depend  upon  the  sh^>e  of  the  curve 
and  the  type  of  network  structure  desired.  The  major  portion  of  the  work 
has  to  do  with  the  synthesis  of  networks  with  prescribed  amplitude  responses. 
However,  a section  is  devoted  to  the  operation  of  the  ooo^uter  for  phase 
response  c\irves. 

The  experimental  results  Indicate  that  this  coq^uter  is  capable  of 
producing  fast  and  accurate  solutions  in  minutes,  to  problems  normally  re- 
quiring days  of  calculations*  In  addition,  it  is  possible  to  exaialne  the 
phase  as  well  as  the  anplltude  response  cf  a network,  thereby  greatly  ex- 
tending the  usefulness  of  the  device  in  the  field  of  linear  network  synthesis. 
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I . Introduction 

The  procedure  for  synthesizing  a linear  passive  network  when  the 
desired  response  is  in  the  form  of  an  analytic  expression  is  straightfor- 
ward although  the  confutation  is  often  extremely  involved.  However,  the 
required  response  is  often  an  experimental  curve.  The  procedure  for  matching 
a network  to  such  a response  cvurve  is  considerably  more  coBflex,  since,  in 
addition  to  the  usual  problem  of  synthesis,  it  is  first  necessary  %o  con- 
struct a physically  realizable  function  which  approximates  the  curve  over 
the  desired  range.  A n\2mber  of  approximation  techniques  exist  (Ref.  1), 
but  the  methods  generally  require  quite  lengthy  calculations.  This  paper 
is  concerned  with  this  approximation  problem* 

A difficult  problem  can  often  be  solved  sisfly  by  obtaining  the 
solution  to  an  analogous  problem  in  a different  medium.  This  technique, 
which  is  the  basis  of  all  modern  analog  confuters,  can  be  applied  to  network 
synthesis*  Taking  advantage  of  the  striking  similarity  which  exists  be- 
tween the  expression  for  the  response  of  a network  and  the  potential  due  to 
electric  line  sources  in  a conducting  medium,  the  approximation  problem  can 
be  reduced  to  a relatively  sinfle  experimental  procedure.  An  analog  com- 
puter, operating  on  this  principle,  has  been  built* 

In  the  past,  the  enfhasis  has  been  on  circuit  analysis  with  an 
analog  confuter  rather  than  on  synthesis.  This  was  due  mainly  to  the  fact 
that  no  systematic  experimental  procedure  had  been  found  idiich  enabled  an 
operator  to  converge  r^idly  to  a solution.  However,  a procedure  is  pre- 
sented here  which  pennits  rapid  convergence  to  the  desired  solution  regard- 
less of  the  shape  of  the  response  curve*  This  system,  as  well  as  the  general 
operating  details  of  the  coofuter  which  was  used,  le  described  in  detail  in 
this  report.  The  theory  including  the  application  of  logarithmic  transfor- 
mation and  general  constzniction  details  of  this  computer  are  discussed  in 
detail  in  Part  I of  "The  Application  of  a Potential  Analog  Computer  to 
Linear  Network  Synthesis"  by  Robert  Staffint  Thesis  for  the  Degree  of  M.E.E., 
Polytechnic  Institute  of  Brooklyn,  Juno  1?5U  (Ref*  lU)  and  in  "Solution  of 
the  Approximation  Problem  of  Network  Synthesis  with  an  Analog  Conputer"  by 
S*  Lehr,  Report  R-327-53»  PIB-263,  June  191?3  (Ref*  6)  and  hence  will  not  be 
presented  in  this  report* 
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II.  Preliminary  Preparation  (Amplitude  ros£OM^) 

1 - Preparation  of  the  C an^uter 

With  the  analog  computer  referred  to  in  the  previous  section, 
it  is  possible  to  obtain  the  approximate  solution  to  a network  design  problem. 
The  speed  with  which  this  can  be  accomplished  can  be  attributed,  to  a great 
extent,  to  the  simple  procedxire  required  to  prepare  the  conputer  for  any 
given  problem.  In  addition,  this  procedure  is  flexible  enough  to  permit  the 
solution  of  problems  requiring  different  frequency  ranges.  The  following 
method  is  recommondedj 

a)  Since  the  computer  sweeps  along  a logarithmic  frequency  axis, 
and  since  the  voltages  in  the  medium  are  proportional  to  ln|H(p)|,  the  curve 
as  it  appears  on  the  scope  is  a log-log  plot  of  jH(p)|  vs.  frequoncy.  The 
first  step,  therefore,  is  to  plot  the  required  response  curve  on  log-log 
paper. 

b)  The  curve  is  then  traced  on  to  rectangvilar  graph  paper. 

c)  The  rectangular  ploi.  is  now  scaled  down  so  that  the  entire 
curve  can  be  drawn  on  the  rectangular  grid  in  front  of  the  cathode  ray  tube. 

d)  A strip  of  carbon-impregnated  Teledeltos  paper  is  then  cut  to 
size,  the  width  corresponding  tc  n/2  radians  or  one  quadrant. 


where  W " width  of  paper 

and  L " length  of  one  decade. 

?•'  Conducting  strips  must  be  painted  on  each  side  in  order  to 
in9>rove  the  electrical  contact  between  the  paper  and  the  conducting  spring 
fingers  which,  in  addition  to  holding  the  paper  in  place,  also  provide  a 
path  for  return  current. 

f)  The  carbon  paper  is  then  glued  to  a piece  of  graph  paper. 

This  not  only  provides  a reference  for  initial  calibration  and  final  read- 
ings, but  also  is  effective  in  keeping  the  ps^er  flat  since  the  overlapping 
graph  paper  can  be  taped  to  the  cork  sheet. 

g)  The  cork  sheet,  with  the  paper  t^ed  in  place,  is  positioned 
on  the  cojq)uter  sc  that  the  rollirg  probe  moves  along  the  very  edge. 

The  machine  is  now  ready  for  calibration. 
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2 " Calibration  Procedvire 
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The  calibration  technique  consists  of  two  independent  adjustments^ 
one  for  the  horizontal  scanning,  and  one  for  vertical  anqjlif ication.  The 
first  adjustment  is  merely  a natter  of  setting  the  horizontal  ait5>lifier  gain 
controls  and  the  horizontal  cantering  knob  so  that  the  spot  on  the  scope  is 
synchronized  with  the  scanning  probe. 

For  the  second  adjustment,  a half -pole  is  placed  at  the  origin. 
This,  in  the  entire  p-plane,  corresponds  to  a pole  at  the  origin  which  re- 
presents the  iaqjedance  of  a capacitor.  This  ve  know  to  have  a 6db/oetave 
slope.  On  the  log-log  plot,  this  results  in  a straight  line  at  an  angle  of 
U5°.  Therefore,  the  vertical  aa^^lifier  is  adjusted  so  that  %d.th  a half -pole 
at  the  origin,  the  curve  displayed  on  the  soop>e  is  a straight  line  at  a U5>° 
angle . 


III.  Convergent  Location  Techniques  for  Critical  Points 

Previously,  all  ettenq>ts  at  network  synthesis  with  an  electrolytic 
tank  conqputer  were  severely  limited.  Since  no  dependable  source  location 
technique  existed,  the  manipulation  of  singularities  became  an  extremely 
difficult  task  once  the  nimber  exceeded  four  or  five.  This  necessarily  re- 
stricted the  use  of  the  computer  to  networks  with  sisqjle  response  curves. 
However,  a number  of  techniques  will  be  described  here  which  enable  an 
operator  to  converge  very  rapidly  to  a solution  requiring  any  number  of 
singularities.  Removing  the  upper  limit  on  the  number  of  poles  and  zeros 
to  be  used  immeasurably  increases  the  usefulness  of  the  analog  computer. 

Another  tremendous  advantage  of  this  computer  deserves  mentioning 
at  this  time.  It  is  possible  to  obtain  certain  desired  forms  b7  restricting 
the  locations  of  the  singularities.  Exsaples  of  this  would  be  the  use  of 
poles  alone  to  obtain  a solution  in  the  form  of  the  reciprocal  of  a poly- 
nomial which  is  easily  synthesized  in  the  form  of  am  LC  ladder  with  a re- 
sistive termination  (Pef.  8),  or  the  restricting  of  poles  and  zeros  along 
the  negative  real  axis,  properly  paired  to  obtain  an  RC  ladder.  (Ref.  9,  10) 
The  desired  form  of  the  solution  will  help  to  determine  which  of  the  follow- 
ing techniques,  or  combination  of  techniques,  are  to  be  used  for  any  parti- 
cular problem. 

A given  response  cux^ve  can  generally  bs  recognized  as  a super- 
position of  one,  or  a combination  of  the  following  categories} 

a)  Curves  with  an  initial  or  final  slope  greater  than  6db/octave. 
Fig.  MRI-1U25U-*. 

b)  Curves  which  do  not  vary  rapidly  with  the  logarithm  of  fre- 
quency. Fie.  MRI-lli252-b.  This  includes  straight  or  nearly  straight  c\irves 
with  slopes  less  than  6db/octave. 
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o)  CurvBS  with  a oonsiderabla  nxinber  of  maxima  or  minima  in  the 
iregion  of  interest.  Fig.  MRI-1U25U-C.  This  category  necessarily  inolixies 
curves  which  appear  to  lie  within  the  bounds  of  classes  a)  and  b)  but  turn 
out  to  be  difficult  or  in^ossible  to  match  with  the  siSthodB  described  for 
those  curves. 


The  approximation  technique  peculiar  to  each  of  the  above  classes 
of  curves  will  be  discussed  separately.  However,  there  is  one  fundamental 
principal  coinnon  to  all,  which  is  responsible  for  the  success  of  these  tech- 
niques. Iiihenever  additional  singularities  sirs  necessary,  they  should  be  in- 
trc^uced  so  that  their  net  effect  is  negl^'ible  upon  pox*tions  of  the  curve 
which  have  already  been  matched.  The  methods  for  obtaining  this  effect  will 
be  discussed  fully  in  the  following  seotiosis.  But  assusiing,  for  the  moment, 
that  such  methods  exist,  they  then  suggest  a sinpls  procedure  for  matching 
a given  curve. 


Starting  on  the  extreme  left,  or  low  frequency  side,  one  or  two 
singularities  are  introduced  and  then  manipulated  so  aa  to  match  the  curve 
over  a small  range  of  frequencies.  Where  they  are  placed  will  depend  upon 
which  of  the  aforementioned  categories  this  portion  of  the  curve  coincides 
w'ith.  Then,  progressing  from  left  to  right,  singularities  are  added  at 
each  critical  frequency  in  turn,  so  that  the  curve  is  affected  about  that 
frequency  and  possibly  to  the  right,  but  not  to  the  loft.  New  poles  and 
zeros  are  introduced  only  after  the  curve  has  been  perfectly  matched  over 
the  frequency  range  in  the  neighborhood  of,  and  tc  the  left  of  the  last 
group  .of  singularities  added.  With  these  few  ideas  in  mind,  we  can  now 
proceed  to  the  more  detailed  analysis  of  the  three  previous  classes  of 
curves. 

i 

X)  Curves  with  an  initial  or  final  slope  greater  than  6db/cetave.- 
Fig.  MRI-lg2$U-c 


This  type  of  curve  can  often  be  matched  with  poles  alone,  re- 
sulting in  the  eaaily  synthesized  form 


H(p)  - A 


m . , m-1  . 

p + b , p ♦ 

m-1  ^ 


♦ b. 


(1) 


the  technique  \used  for  this  type  of  synthesis  will  be  most  easily  under- 
stood if  we  consider  the  response  due  to  one  pole  in  different  positions. 

For  illustrative  ptirposes,  the  conducting  paper  with  the  singularities  will 

be  drawn  approximately  as  they  would  appear  on  the  computer,  below  each 

response  c\\rve.  Fig.  MRI-lh255»  i 
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The  half  pole  in  position  1 (representing  a full  pole  on  the  nega- 
tive real  axis)  results  in  the  standard,  single  stage,  RC  filter  character- 
istic which  approaches  6db/octave  at  high  frequencies.  The  response  to  a 
full  pole  eventually  drops  off  at  12db/octave  regardless  of  where  it  Is 
placed  in  the  plane.  However,  the  value  of  0,  or  in  other  words,  the  dis- 
teoice  from  the  real  frequency  axis  determines  the  shape  at  the  knee  of  the 
curve.  If  a full  pole  ware  placed  at  position  1 (corresponding  to  a double 
pole  on  the  negative  real  axis)  the  result  would  be  a broad  curve  similar 
to  the  RC  characteristic  shown  but  with  a final  slope  of  12db/octave.  As 
the  polo  moves  away  from  position  I,  the  curve  tends  to  break  more  sharply 
until,  in  the  neighborhood  of  position  2,  the  response  is  almost  flat  to 
the  left  of  the  singularity,  breaking  very  rapidly  thereafter  into  12db/oct. 
From  position  2 to  position  3,  the  curve  ceases  to  be  monotonic.  The  peak 
which  appears  in  the  neig  the  singularity,  increases  in  height 

and,  in  the  limit  as  the  pole  moves  onto  the  real  frequency  axis,  goes  to 
infinity.  (These  curves  are  accxirately  drawn  in  E.  Gorczycki's  thesis; 

Ref.  7). 

When  viewed  in  the  light  of  the  previous  discussion,  the  response 
ctirves  for  a pole  assume  special  significance.  The  response  is  level  in 
the  low  frequency  region.  This  is  apparent  from  equations  (2)  and  (3), 

(see  Fig.  MRI-1U255)  if  we  let  co<::<p,  that  is, 

(H(jo))|  -X— - — X-  “ constant;  for 

Therefore,  the  introduction  of  a single  pole  merely  adds  a constant  poten- 
tial to  the  left  side  of  the  curve.  Thus,  the  portion  to  the  left  of  the 
singularity  remains  relatively  undisturbed.  The  effect  is  most  striking 
when  a pole  is  placed  in  position  2.  For  this  case,  the  curve  is  flat  and 
monotonic  over  the  greatest  range  of  frequencies.  Position  2 can  be  deter- 
mined in  the  following  manner.  Rewrite  equation  (3). 


For  the  condition  of  maximal  flatness,  as  many  derivatives  as  possible  are 
made  to  vanish  at  the  origin.  This  is  equivalent  to  equating  successive 
coefficients  of  the  term  in  the  numerator  and  denominator  of  (U).  For 
this  case. 
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Thua,  position  2 occurs  at  9 “ ■ 135°  the  introduction  of  a pole  at  this 

point  nust  therefore  have  the  least  effect  on  an  established  response.  This 
effect  was  utilized  in  the  exan^)les  which  will  be  presented  illustrating  this 
type  of  technique. 

When  the  required  response  curve  appears  to  lie  within  class  (a), 
the  following  procedure  is  raccivtnended!  First,  the  final  slope  should  be 
estimated.  This  will  indicate  the  total  niinber  of  full  poles  sventuBGJ.y 
placed  in  the  conducting  p^er  since  the  final  slope  will  approach  12n  db/oot. 
where  n is  the  nTjmber  of  full  poles  in  the  paper.  The  sing\]larlties  are 
then  added  from  left  to  right  until  the  desired  response  is  obtained.  How> 
over,  as  indioated  previously,  the  poles  should  be  added  only  after  the  pro- 
vioiv  singularities  have  been  adjusted  for  the  best  approximation  in  tho 
lover  frequency  regions.  After  the  proper  number  of  singularities  have  been 
added,  the  curve  should  be  very  close  to  the  desired  shape.  If  necessary, 
small  corrections  can  be  made  before  the  finail  pole  positions  are  noted. 

Two  lllustratl/e  examples  will  now  be  presented.  Between  them, 
they  not  only  Illustrate  the  several  points  discussed  in  connection  with 
the  above  technique,  but  they  also  Indicate  in  a striking  m^mner,  the 
accuracy  of  the  con?>uter  and  the  speed  at  which  a solution  may  be  arrived 

at. 


Example  No«  1 

A network  was  required  which  was  to  have  a linear  response  on  a 
rectangular  plot  of  Gain  vs.  Frequency.  Fig.  MRI-lii256.  It  was  therefore 
necessary  to  find  an  analytic  expression  capable  of  approximating  this  curve. 
The  c\irve  was  first  replotted  on  log-log  coordinates.  The  resulting  ciirve. 
Fig.  MRl -11425'^  which  was  plotted  over  four  decades,  appeared  to  fall  within 
class  (a).  An  attenpt  was  made,  therefore,  to  synthesize  it  as  the  reci- 
procal of  a polynomial. 
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The  poles  were  placed  exactly  in  the  manner  descz'ibed  previously. 

The  multiple  photographs  in  Fig.  MRI-1U258  show  the  curve  in  successive  stages 
as  each  singiiarity  was  added  from  left  to  right.  The  response  to  the  sin- 
gularities on  the  negative  real  a>cis  alone  is  shewn  in  Fig.  HRI-1U257  (broken 
line).  This  response,  when  referred  again  to  rectangular  coordinates  is  re- 
presented by  curve  (a)  Fig.  MRI-lli259.  It  will  be  noted  that  the  approxima- 
tion to  the  loft  of  f “ 0.7  is  excellent,  but  to  the  right,  the  curve  does 
not  fall  sharply  enough.  This,  then,  is  the  perfect  situation  for  a polo  in 
the  neighborhood  of  position  2 since,  as  was  explained,  this  will  not  affect 
the  curve  to  the  left  and  will  add  12db/octave  slope  on  the  right.  The  addi- 
tion of  this  polo  (encircled  on  Fig.  MRI-1U257)  resulted  in  curve  (b)  Fig. 
MRI-1U259*  Increasing  the  order  of  this  polo  (curves  (c)  and  (d))  inproves 
; the  approximation  but  Increatsos  the  conplexity  of  the  final  network.  Since 

f the  final  slope  for  this  curve  la  Infinite,  the  number  of  polos  neoessary 

would  depend  upon  the  allowable  tolerance  and  not  upon  the  cid.terla  expressed 
> in  the  previous  section.  The  networic  function  and  the  resulting  network  are 

shown  in  Fig.  MRI-1U259.  The  total  time  required  to  locate  the  critical 
\ points  for  this  problem  was  leas  than  thirty  minutes. 
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Example  No,  2 


The  network  for  this  exanple  was  to  meet  the  following  requirement. 
The  logarithm  of  the  transfer  Inpedaiace  Zy  was  to  be  linear  with  respect  to 
angxilar  frequency.  Fig,  KRI-ll*260.  After  replottlng  on  log-log  coordinaues 
Fig.  HRI-1U261,  the  curve  appeared  to  have  a final  slope  of  approximately 
36db/octave.  The  number  of  full  poles  in  the  final  solution  should  then  be 
in  the  neighborhood  of  three,  A half  pole  deviation  in  either  direction  is 
not  too  critical. 


This  problem  was  solved  with  the  same  technique  used  for  exanple  1, 
The  poles  on  the  negative  real  axis  were  used  to  shape  the  knee  of  the  curve 
and  the  pole  at  position  2 Fig.  MRI-lii26l  gave  the  required  final  slope  with- 
out affecting  the  shape  already  established.  Again,  the  multiple  photographs, 
Fig,  MRI-1U262, picture  the  succeetsive  introduction  of  slngzilarities  from  left 
to  right. 


The  final  result,  replctted  on  setd -logarithmic  cooriinates, can  be 
seen  in  Fig,  MRI -114263.  This  result,  which  was  obtained  even  more  rapidly 
than  the  previous  solution,  is  certainly  indicative  of  the  capabilities  of 
the  analog  corrouter  described  in  this  paper. 
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Cvirves  which  do  not  va 


with  the  loRarlthm  of  frequancj 


Curves  within  this  class  can  often  be  matched  with  singularities 
restricted  to  the  negative  real  axis*  This  restriction  greatly  siD^>lifies 
the  matching  technique,  but  even  more  important  is  the  fact  that  by  pairing 
the  poles  and  zeros  properly,  it  is  possible  to  obtain  a solution  wMch  will 
always  synthesize  to  an  RC  structure.  Therefore,  for  the  discussion  of  this 
technique,  it  will  be  best  to  examine  the  properties  of  a pair  of  singulari- 
ties, a pole  and  a zero,  placed  side  by  side  on  the  negative  real,  axis.  Fig. 
MRI-lU26U-a. 


The  response  to  a zero  on  the  negative  real  axis  (curve  1)  is  iden- 
tical to  that  of  a pole  (curve  2)  except  that  it  is  inverted.  The  stqjer- 
poflition  of  these  responses  results  in  a cixrve  level  at  both  ends,  and  with 
a positive  or  negative  slope  depending  upon  whether  the  zero  or  the  pole  is 
closer  to  the  origin.  Adding  another  pole  and  zero  to  the  right  would  result 
in  a curve  with  a double  step.  Fig.  MRI-lU26U-b  illustrates  the  stepped 
effect  due  to  a number  of  poles  and  zeros  placed  along  the  axis.  As  the  sin- 
gularities are  brought  closer  together,  the  response  tends  to  develop  into 
a smooth  curve. 


In  order  to  match  a curve  with  this  technique,  it  is  again  advis- 
able to  start  from  the  left.  As  illustrated  in  Fig.  MRI-lli26U-b,  the  re- 
sponse is  broken  and  then  leveled  off  creating  a stepped  effect  which  approx- 
imates the  required  curve.  If  a close  approximation  is  required,  the  steps 
should  be  made  smaller  by  placing  the  singularities  closer  together.  The 
following  example  is  an  excellent  Illustration  of  this  method. 


An  RC  network  was  required  which  was  to  have  the  same  an^lltude 
response  as  the  input  liqpedance  of  a "spiral -four"  transmission  line.  The 
frequency  range  was  to  extend  from  10  c/s  to  100,000  c/s.  The  curve,  ob- 
tained from  experimental  data  and  plotted  in  Fig.  MRI-1U265,  clearly  belongs 
to  class  (b).  Since  an  RC  driving-point  impedance  was  desired,  the  poles 
and  zeros  along  the  negative  real  axis  were  required  to  alternate  in  order 
to  assure  physical  realizability. 


The  multiple  photographs  Fig.  MRI-1U266  show  the  curves  being 
broken  and  leveled  off  as  each  singijlarity  is  added.  It  should  be  noted 
that  the  introduction  of  successive  slngvdaritles  does  little  to  disturb 
the  low  frequency  portion  of  the  curve.  The  results  for  this  exauple  are 
presented  in  Fig.  MRI-1U267. 
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3)  Curvss  with  a oonalder&ble  number  of  maxima  «nd  minima  In  tha 
region  of  Interest. 

In  order  to  match  cturves  within  this  category,  it  becomes  neces- 
sary to  introduce  a third  method  for  placing  singularities  in  the  conducting 
medium.  A pole-zero  configuration  would  be  ideal  if  it  had  a great  localized 
effe9t  while  still  satisfying  the  requirement  that  it  leave  undisturbed, 
portions  of  the  curve  already  matched.  This  suggests  the  use  of  a pair  of 
singularities,  a pole  and  a zero,  closely  spaced,  so  that  the  net  effect  in 
all  but  the  immediate  vicinity  of  the  pair  is  neglibible. 

In  Fig.  MRI-IU268,  the  response  is  drawn  for  such  a pair  of  sin- 
gularities, separated  by  a distance  6,  and  at  a distance  d from  the  scanning 


axis.  For  w removed  from  the  vicinity  of  the  singularities,  r. 


and 


the  rsa'ultant  field  from  the  two  opposing  sources  is  approximately  zero. 
Therefore,  the  curve  is  flat  for  ail  but  a small  band  of  frequencies  in  the 
neighborhood  of  the  pair  where  the  above  approximation  is  not  valid.  If  6 
remains  fixed  but  d is  allowed  to  vary,  the  height  h of  the-  curve  varies 
from  a negligibly  small  value  when  d is  a maximum,  to  infinity  when  d goes 
to  zero.  However,  Af,  the  range  over  which  the  singularities  have  an  effect, 
remains  relatively  unchanged.  If  d is  kept  fixed  but  6 varies,  then  the 
effect  on  the  height  of  the  cuz*ve  is  small  con^jared  to  the  variation  in  Af . 
For  6 very  small,  rjj  - rv  is  valid  for  all  frequencies  except  these  directly 
in  line  with  the  singularities.  For  large  values  of  6,  the  appraximation  is 
invalid  over  a larger  band  of  frequencies.  It  is  apparent  from  Fig.  MRI- 
lli268,  that  for  a maxima,  the  pole  must  be  placed  closer  to  the  scanning 
axis,  while  for  a minima,  the  reverse  is  true. 

The  procedure  for  matv^hing  curves  in  class  (c)  often  Involves  the 
use  of  the  techniques  developed  for  classes  (a)  and  (b)  as  well.  Large  por- 
tions of  the  curve  can  often  be  matched  with  the  simpler  methods  described 
in  the  previous  sections,  in  fact,  a slowly  varying  curve  with  a few  small 
peaks  and  valleys  can  be  approximated  by  a smooth  curve  developed  in  the 
manner  discussed  for  class  (b)  with  the  peaks  and  valleys  superposed  ipon 
this  curve  by  the  addition  of  properly  placed  pole-zero  pairs.  However, 
for  curves  with  a large  number  of  closely  spaced  raio:ima  and  minima,  the 
standard  procedoire  is  recommended.  Procedlng  from  left  to  right,  after 
preliminary  shaping  with  methods  (a)  or  (b)  if  necessary,  a pole-zero  pair 
is  intrpduced  in  line  with  the  first  maji..'.ma  or  minima.  Assuming  a maxima 
appears  first,  the  pole  is  placed  closer  to  the  axis  and  the  two  singu- 
larities are  then  manlpxzlated  until  the  curve  is  matched  in  the  neighbor- 
hood of,  and  to  the  left  of  this  maxima.  The  next  pair  is  then  introduced 
in  line  with  the  minima,  this  time  with  the  zero  in  the  dominant  position. 
Theae  are  manipulated  until  the  iainlma  is  completely  formed.  New  singu- 
larities are  placed  in  the  medium  only  after  ^e  previous  ones  have  been 
f\illy  adjusted.  This  process  continues  \intil  all  the  peaks  and  valleys 
have  been  accounted  for. 
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The  photographs  in  Figs.  MRI-1U269  and  MRI-1U270,  illustrate  the 
effectiveness  of  the  pole-zero  pairs.  Fig.  MRI-1U269  is  a series  of  pictures 
showing  the  superposition  of  peaks  and  valleys  on  a smooth  curve.  Fig.  MRI- 
illustrates  the  standard  method  progressing  from  left  to  right. 

One  additional  point  should  be  made  before  leaving  the  subject  of 
source  location  techniques.  After  a solution  has  been  obtained,  it  is  some- 
times possible  to  remove  certain  singularities  and  to  readjust  the  remaining 
ones  to  preserve  the  match.  This  economization  should  certainly  be  attenqpted 
after  each  solution  since  it  may  result  in  a substantial  reduction  in  the 
conqjlexity  of  the  final  network. 


IV.  Phase  Response 

The  application  of  a potent daj.  analog  corqjuter  to  problems  in- 
volving phase  response  is  still  in  a primitive  stage.  However,  the  machine 
used  for  this  report  is  capable  of  giving  a satisfactory  phase  display. 

In  order  to  display  phase,  it  is  necessary  to  measure  a differen- 
tial voltage  normal  to  the  jco  axis  and  to  integrate  the  result  (Ref.  lU). 

Tills  would  nonnally  involve  the  use  of  a double  rolling  probe.  Such  a probe 
may  present  mechanical  difficulties  and  was  not  attempted  in  this  investiga- 
tion. Instead,  advantage  was  taken  of  the  symmetry  conditions  discussed  in 
Ref.  lii  (Part  I Section  II  (5))>  so  that  it  was  possible  to  display  phase 
with  the  same  probe  used  for  the  a3n^)litude  response.  In  that  reference, 
it  was  shown  that  by  replacing  half  the  conducting  medium  by  an  equipoten- 
tial  grounded  strip,  the  phase  was  merely  multiplied  by  a scale  factor,  a 
constant  which  is  automatically  set  during  calibration.  The  difference  in 
potential  between  a single  probe  and  this  grounded  strip  is  then  equivalent 
to  the  potential  across  the  double  probe.  The  potential  difference  is  fed 
to  a d-c  integrating  amplifier.  The  outpul  of  the  integrator  goes  to  the 
vertical  d-c  amplifier  on  the  oscilloscope.  The  sweep  is  synchronized  with 
the  carriage  movements  the  same  as  for  the  anplitude  response.  The  display 
on  the  scope  is  therefore  a plot  of  phase  angle  as  a function  of  the  loga- 
rithm of  frequency. 

In  order  to  obtain  satisfactory  integration,  the  time  constant  of 
the  integrating  circuit  should  be  at  least  ten  times  the  period  of  the  func- 
tion to  be  integrated.  Since  the  carriage  reqxilres  five  seconds  to  complete- 
ly sweep  from  one  end  of  the  paper  to  the  other,  an  integrator  with  a mini- 
mum time  constant  of  one  minute  must  be  used.  A d-c  integrating  amplifier 
can  meet  the  long  time  constant  requirement  without  a loss  in  signal  strength, 
in  fact,  with  a proper  choice  of  conponents,  the  circuit  can  introduce 
additional  gain. 
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The  intergrating  amplifier  for  this  con?>uter  (Ref.  13)  has  an 
effective  time  constant  of  approximately  st*  minutes  and  an  overall  gain 
of  two.  The  circuit  diagram  is  presented  in  Fig.  MRI-1U271.  The  operation 
of  the  integrating  amplifier  and  the  rest  of  the  con^uter  in  order  to  obtain 
a phase  display,  is  discussed  in  the  Appendix. 

1 - Preparation  of  the  Computer 


z 


t'f 


Ths  preparation  of  the  computer  for  phase  rasponse  is  very  similar 
to  the  steps  taken  for  ang}litude  response. 

a)  The  response  curves  should  be  plotted  on  semi-logarithmic 
coordinates. 

b)  The  curve  is  then  traced  onto  rectangular  graph  paper. 

c)  The  rectangular  plot  is  then  scaled  down  and  drawn  on  the  grid 
in  front  of  the  cathode  ray  tube. 

d)  A strip  of  Teledeltos  paper  is  then  cut  to  size.  However,  it 
should  bo  one-half  inch  wider  than  for  the  corresponding  as^slitudo  response. 

e)  Conducting  stripe  are  painted  on  each  end,  and  in  addition, 

a half  inch  conducting  strip  is  painted  along  the  entire  length  of  the  paper. 


f)  The  carbon  paper  is  then  glued  to  the  graph  paper  and  taped 
down  to  the  cork  sheet. 

g)  The  paper  is  positioned  on  the  computer  sc  thst  the  pick’^ 
probe  moves  along  a line  approximately  three-eights  of  an  inch  away  from 
the  groiuided  strips 

After  this  procedure,  the  conputer  is  ready  for  calibration. 

2 - Calibration  Procedure 


The  calibration  technique  again  involves  two  Independent  adjust- 
mentv*  The  horizontal  sweep  is  set  so  that  the  scanning  spot  and  the  car- 
riage move  in  unison  (see  Part  II  Section  I (2)).  For  the  vertical  adjust- 
ment, a known  phase  response  is  set  vp  on  the  cou^Duter  and  the  vertical 
gain  and  centering  controls  are  adjusted.  However,  \inlike  the  a<i^litude 
display,  once  the  centering  control  is  set,  it  must  remain  fixed  throughout 
the  operation. 

The  curve  used  for  calibration  is  the  phase  response  for  the  input 
in^jedance  of  a parallel  RLC  circuit.  This  network  is  characterized  by  a 
pair  of  conjugate  complex  poles;  in  the  analog,  this  corresponds  to  a pole 
placed  at  some  point  in  the  coniuctipg  medium.  The  phase  of  this  network 
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is  asymptotic  to  + 90°,  approaching  + 90°  as  w goes  to  zero,  and  - 90  as 
CO  goes  to  infinity.  Therefore,  in  order  to  calibrate  for  phase,  the  ver- 
tical amplifier  is  adjusted  with  a pole  in  the  middle  of  the  conducting 
medium  so  that  the  \jpper  and  lower  asymptotes  are  separated  by  a distance 
equal  to  180®.  This  distanoe  is  arbitrary  aril  may  be  selected  to  conform 
to  any  convenient  scale.  The  series  of  photographs  in  Fig.  MRI-1U272  re- 
present a set  of  calibration  curves.  The  different  curves  correspond  to  a 
single  pole  at  various  distances  from  the  real  frequency  axis. 

3 - Experjjnental  Results 

No  attempts  were  made  to  synthesize  networks  for  prescribed  phase 
characteristiosi.  Hcswever,  a series  of  phase  curves  were  displayed  and 
photographed.  These  photographs  are  presented  in  Figs.  MRI-lli272  and  MRI- 
lii273*  Fig.  MRI-IU272  contains  the  aforementioned  set  of  calibration  curves 
and  Fig.  MRI-1U273  represents,  in  order,  the  phase  response  for  each  of  the 
ezanples  in  the  preceding  section. 

These  pictures  serve  to  show  that  the  ccanputer  is  capable  of 
prcxiucing  a clear,  steady  phase  response  curve,  thereby  opening  the  door 
not  only  to  synthesis  for  phase,  but  possibly  the  simultaneous  display  of 
both  phase  and  amplitude. 


The  potential  analog  computer  is  capable  of  solving  many  coI;^}lex 
network  synthesis  problems.  When  used  in  conjunction  with  the  source 
location  techniques  discussed  in  this  paper,  it  is  possible  to  converge  to 
a solution  in  considerably  less  time  than  the  usual  computational  methods 
en?)loyed  for  response  matching.  In  addition,  the  experimental  results  in- 
dicate that  in  spite  of  the  speed  of  operation,  a relatively  high  degree 
of  accuracy  can  be  obtained. 

The  ability  to  display  phase  greatly  Increases  the  usefulness 
of  the  conputer,  and  introduces  the  possibility  of  the  simultaneous  dis- 
play of  both  au^jlitude  and  phase.  17118  would  certainly  be  a major  step 
forward  in  the  field  of  linear  networic  synthesis. 
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AFFEwDIX 

D.  C.  Integrator  Circuit  for  Phaae  Response 


V. 


Figure  MRI»lU27h  is  a diagramatlc  sketch  of  the  analog  con^juter. 
For  an^jlitude  measurements  j,  the  rolling  probe  is  connected  directly  to  the 
oscilloscope.  For  phase  displays,  an  integrating  amplifier  is  placed  be- 
tween the  probe  and  the  scope  as  indicated  in  the  figure.  A detailed  des- 
cription of  the  computer  can  be  found  in  Ref.  (6)  (lU).  In  this  section, 
we  will  be  primarily  concerned  with  the  operation  of  the  Integrating  an^jli- 
f ier. 


The  amplifier  Itself  is  a d-c  anpllfier  with  a gain  of  about  ?00j 
Fig.  MRI=lh271.  The  series  resistor  and  the  shunt  capacitor  transform  the 
ar^lifler  into  a long  time  constant  integrating  circuit.  A microswitch  is 
connected  directly  across  the  terminals  of  the  capacitor.  This  switch, 
which  closes  simultaneously  with  the  left  reversing  si-fitch,  completely  dis- 
charges the  capacitor  before  each  run.  Therefore,  the  operation  of  the 
con55uter  for  phase  measurements  is  almost  identical  to  that  required  for  the 
amplitude  display  except  for  one  additional  step,  the  aajustmant  of  the  in- 
tegrating amplifier. 

The  following  procedure  is  the  one  that  was  found  to  be  most 

effective! 

1 - The  amplifier  requires  two  power  supplies,  a plus  250  volt 
s\;q3ply  and  a minus  300  volt  simply.  Since  the  grid  bias  for  some  stages 
are  obtained  from  a voltage  divider  connected  betwaen  these  two  s\qjplies, 
it  is  nocessary  to  turn  the  negative  supply  on  first  ir;  order  to  prevent 
the  grid  voltages  from  becoming  excessively  positive  and  ruining  the  tubes. 
The  first  step,  therefore,  is  to  turn  on  the  power  si^splles,  the  negative 
one  first,  and  to  set  the  voltages  to  the  required  values.  A voltmeter 
should  be  used  since  the  meters  on  the  power  si^plies  are  often  inaccurate. 

2 “ The  voltage  on  the  grid  of  the  third  stage  is  extremely 
critical.  In  Oider  to  aid  in  the  adjustments,  a terminal  which  ip  con- 
nected to  this  grid,  was  placed  on  the  front  of  the  integrator.  Thus, 
after  adjusting  the  power  supply  voltages,  the  voltmeter  should  be  clipped 
to  this  terminal. 

3 “ The  final  voltage  on  this  grid  should,  when  properly  adjusted, 
be  in  the  neighborhood  of  - 3 volts.  Therefore,  the  following  rough  ad- 
justments should  be  made.  With  the  voltmeter  on  the  grid  terminal,  poten- 
tiometer No,  1 should  be  adjusted  to  bring  the  grid  voltage  into  the  - 3 volt 
range.  However,  occasionally,  the  grid  will  appear  to  be  "captxired"  due  to 
the  effect  of  grid  current.  When  this  occurs,  the  potentiometer  will  have 

no  effect.  In  this  situation,  the  voltage  on  the  negative  power  supply 
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should  be  slowly  Increased.  The  grid  will  then  suddenly  go  very  negative. 
The  voltage  can  then  be  brought  back  to  the  - 3 volt  region  with  potenti- 
ometer No.  1 or  by  again  reducing  the  negative  supply  voltage. 

U - At  this  point,  the  cin?uit  is  capable  of  integrating  an 
applied  signal.  With  no  probes  in  the  paper,  the  response  should  be  hori- 
zontal line.  However,  one  or  two  runs  will  indicate  that  the  Integrator 
is  charging  the  condenser  in  a manner  identical  to  that  vrtiich  would  occv(r 
if  a constant  potential  had  been  applied  to  the  input  of  the  an^lifier. 

This  resTilts  in  a sloping,  rather  thar,  a horizontal,  line,  thereby  intro- 
ducing a serious  error  in  the  display.  This  is  due  to  the  fact  that  the 
aforementioned  grid  voltage  has  not  bxen  finely  adjusted.  In  order  to 
correct  for  this,  it  is  necessary  to  I'esort  to  potentiometer  No.  2. 

^ - It  is  easier  to  adjust  poteniiometer  No.  2 with  the  carriage 
stationary.  A pcor  adjustment  will  then  tend  to  move  the  spot  in  a vertical 
line,  either  or  down,  depending  upon  the  direction  in  which  the  cs^aoitor 
is  charging.  If  the  spot  moves  off  the  screen,  it  can  be  brought  back  by 
depressing  the  shorting  switch.  The  procedure  then  consists  of  shorting 
the  capacitor  and  then  adjusting  potentiometer  No.  2 mtil  the  spot  remains 
fixed.  This  is  essentially  a fine  adjustment  on  the  grid  voltage.  If  the 
potentiometer  is  not  capable  of  fixing  the  spot,  a slight  change  in  poten- 
tiometer No.  1 will  bring  the  voltage  into  the  range  of  potentiometer  No.  2. 
This  adjustment  should  be  checked  periodically  since  the  power  supplies 
tend  to  drift  slightly.  Generally,  a alight  adjustment  of  potentiometer 
No.  2 will  be  all  that  is  necessary.  The  ccnqputer  will  then  be  set  for  a 
phase  display. 

One  or  two  additional  things  should  be  noted.  First,  the  display 
is  valid  only  for  the  period  during  which  the  carriage  moves  from  left  to 
right.  This  is  due  to  the  fact  that  the  ce^acitor  continues  to  charge  on 
the  reverse  trip.  However,  this  can  possibly  be  overcome  by  reversing  the 
polarity  of  the  poles  and  zeros.  The  capacitor  would  then  tend  to  dis- 
charge at  a rate  identical  to  the  charging  rate.  Thus,  the  return  trace 
would  be  identical  to  the  original  response. 

The  second  point  is  concerned  with  the  handling  of  poles  and 
zeros  on  the  Jco  axis.  A probe  placed  right  on  the  axis  would  have  no 
effect  since  it  would  be  grounded  by  the  equipotential  strip.  Thus,  a 
correction  factor  of  ♦ 180°  would  have  to  be  added  for  each  pole  or  zero 
on  the  axis.  However,  the  need  for  a correction  esm  be  eliminated  by 
placing  the  singularity  vary  close  to,  b\it  not  quite  on  the  jeo  axis.  This 
will  resTilt  in  a very  close  approximation  to  the  correct  response. 
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The  multiple  photographs  record  the  effects  of  the  addition  of 
each  singularity  in  turn  froia  left  to  right.  Curves  a,  b,  c and  d are 
the  results  of  the  successive  introduction  of  the  poles  on  the  negative 
real  axis  (see  Fig.  KRI-1U259).  Curve  e,  the  final,  result,  was  obtained 
by  adding  a pole  in  position  2,  the  maximal  flatness  position.  It  should 
be  noted  that  the  addition  of  each  singularity  does  not  disturb  the  lower 
frequency  portions  of  the  response.  Increasing  the  order  of  the  last  pole 
increases  the  final  slope  resulting  in  a hotter  approximation. 

(See  Fig.  MRI-1U261) 
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The  multiple  photographs  are,  as  before,  the  results  of  the 
successive  introduction  of  poles  from  left  to  right.  Again,  curves 
a-d  are  due  to  the  singularities  on  the  negative  real  axis,  and  curve 
e,  the  final  response,  is  obtained  from  d by  adding  the  singularity 
encircled  in  Fig.  MRI-lli263.  The  results  are  similar  to  those  of 
Fig.  MRI-lli260. 
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Curve  h is  the  desired  response.  A pole  at  the  origin  results 
in  a 6db/oct.  slope  (a).  The  response  is  then  leveled  off  with  a zero  (b) 
and  broken  again  with  a pole  (c).  Continuing  in  this  manner,  the  curve  is 
forced  to  oscillate  above  and  below  the  required  response  in  a step  like 
fashion  until  the  final  response  is  obtained. 
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These  pictures  illustrate  the  superposition  of  peaks  and  valleys  on  a 
smooth  curve.  Curve  a is  developed  with  the  technique  for  class  (b)  curves,  that 
is,  with  a pole,  a zero,  and  another  pole  on  the  negative  real  axis.  All  other 
singulai-ities  are  introduced  as  pole-zero  pairs.  The  first  pair  was  introduced, 
with  the  pole  dominating,  in  the  region  of  the  first  break  to  sharpen  the  bend  (b). 
The  second  pair,  zero  dominating,  was  responsible  for  the  first  valley  (c).  The 
following  maxima  and  minima  were  treated  in  an  identical  manner.  After  the  curve 
was  obtained,  it  was  possible  to  remove  several  singuleurities , still  maintaining 
a good  approximation  by  slightly  readjusting  the  remaining  poles  and  zeros. 
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For  tM?  type  of  response,  pole-zero  pairs  are  used  exclusively 
to  sh^e  the  final  ciirve.  Proceeding  from  left  to  right,  auxl  starting  with 
a horizontal  line,  pole-zero  pairs  are  introduced  in  line  with  each  peak 
and  valley.  The  striking  conclusion  that  can  be  drawn  from  these  photographs 
is  that  the  addition  of  singularities  in  the  manner  described  has  no  effect 
on  portions  of  the  curve  which  have  already  been  matched.  These  pictures 
illustrate,  in  an  excellent  manner,  the  basic  principle  upon  which  the 
source  location  techniques  were  developed. 
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6 EFFECT.  TIME  CONST.  ^ 6 MIN. 
^ - OVERALL  GAIN  = 2 


The  above  C'Orves  represent  tr.e  pnase  c;i‘  the  input  iitpenance  of 
a parallel  HLC  circuit  for  various  values  of  the  pararr.eters . Ciurve  a 
corresponds  to  a pole  almost  on  the  real  frequency  axis,  tnat  is,  an 
almost,  lossless  structure.  The  other  curves,  presented  in  orler  of  in- 
creasing loss,  indicate  the  effect  of  moving  the  pole  along  a circular 
path  In  the  p-plane,  since,  in  order  to  obtain  the  remaining  response 
curves,  the  distance  from  the  axis  in  the  log -plane  was  varied  but  the 
position  of  the  pole  relative  to  the  ln(r)  coordinate  remained  fixed. 

The  curves  vary  from  plus  to  mimis  ninety  degrees.  Therefore,  any  one 
of  the  responses  can  be  used  for  calibration. 
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Curve  a ib  the  phase  response  for  the  network  synthesized  in 
exan?)le  No.  1.  The  curve  Is  asyrr^Dtotic  to  + 90°  for  w approaching  zero 
and  to  - 5U0°  for  w going  to  infinity. 

Curve  b is  the  phase  response  for  the  transfer  impedance  of 

example  No.  2,  This  curve  approaches  + 90°  for  oi  close  to  zero  and  - U50° 

for  u approaching  infinity. 

Cvirve  c is  the  phase  of  the  hC  structure  synthesized  for  exanple 

No.  3.  The  response  starts  at  - 90°  for  o>  " 0,  and  approaches  zero  for  o> 

going  to  infinity. 
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NOTICE:  WHEN  G-OVERNMENT  OR  OTHER  DRAWINGS,  SPECIFICATIONS  OR  CrrHEP  DAI  A 
ARE  USED  FOR  ANY  PURPOSE  OTHER  THAN  IN  CONNECTION  WITH  A DEFINTI  KLY  RELATED 
GOVERNMENT  PROCUREMENT  OPERATION,  THE  U.  S.  GOVERNMENT  THEREF  i'  INCLTS 
NO  RESPONSIBILITY,  NOR  ANY  OBLIGATION  WHATSOEVER;  AND  THE  FACT  Tii/lT  TEF 
GOVERNMENT  MAY  HAVE  FORMULATED,  FURNISHED,  OR  IN  ANY  WAY  SUPPLIED  TJiE 
SAID  DRAWINGS,  SPECIFICATIONS,  OR  OTHER  DATA  IS  NOT  TO  BE  REGARDED  BY 
IMPLICATION  OR  OTHERWISE  AS  IN  ANY  MANNER  LICENSING  THE  HOLDER  01:  ANF  OTKEI?. 
PERSON  OR  CORPORATION,  OR  CONVEYING  ANY  RIGHTS  OR  PERMISSION  TO  ScIAMUFAC l UitE, 
USE  OR  SELL  ANY  PATENTED  INVENTION  THAT  MAY  IN  ANY  WAY  BE  RELAI  i'iO  '.’HEREra 
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